Recognizing Direct Products from Their Conjugate Type Vectors  by Camina, A.R. & Camina, R.D.
Ž .Journal of Algebra 234, 604608 2000
doi:10.1006jabr.2000.8535, available online at http:www.idealibrary.com on
Recognizing Direct Products from Their
Conjugate Type Vectors
A. R. Camina
School of Mathematics, Uniersity of East Anglia, Norwich, NR4 7TJ, United Kingdom
E-mail: a.camina@uea.ac.uk
and
R. D. Camina1
Department of Pure Mathematics and Mathematical Statistics, Cambridge Uniersity, 16
Mill Lane, Cambridge, CB2 1SB, United Kingdom
E-mail: R.D.Camina@dpmms.cam.ac.uk
Communicated by Gernot Stroth
Received April 10, 2000
DEDICATED TO HELMUT WIELANDT ON HIS 90TH BIRTHDAY
1. INTRODUCTION
 In two long and interesting articles Mark L. Lewis 7, 8 considered
problems of the relation between the structure of a finite group G and
Ž .cd G , the set of the degrees of irreducible characters of G. In the second
article the following two theorems are proved.
Ž .  4THEOREM A. Let G be a finite group with cd G  1, p, q, r, pq, pr ,
Ž .  4where p, q, and r are distinct primes. Then G A B, where cd A  1, p
Ž .  4and cd B  1, q, r .
Ž . THEOREM B. Let G be a finite group with cd G  1, p, q, r, s, pr,
4ps, qr, qs , where p, q, r and s are distinct primes. Then G A B, where
Ž .  4 Ž .  4cd A  1, p, q and cd B  1, r, s .
Ž .  4He also gives an example to show that if cd G  1, p, q, pq , where p
and q are distinct primes, then G is not necessarily a direct product.
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In this paper we consider analogous problems for the set of sizes of
 conjugacy classes of G. See 5 for results of a similar nature. There is a
strong relation between information about character degrees and sizes of
conjugacy classes. If the multiplication constants for the conjugacy classes
are known, then the character table can be reconstructed, and similarly in
reverse. However, if one knows only the sizes then there is less complete
information and it is not possible to obtain a complete translation. To
 4illustrate this point, if the conjugacy classes have sizes 1, p, q, pq , then
 the group is a direct product, 3, Theorem 2 , in contrast to Lewis’s
example.
The study of the structure of a group given information about its
conjugacy class sizes has a long history; for example, in 1953 Baer consid-
 ered such a problem 1 . In that paper he gave an unpublished result of H.
 Wielandt which is reproduced in the next section. The authors, in 4 ,
generalized the results of both Baer and Wielandt. In this paper we use
those ideas to state and prove results which are analogs of Lewis’s results,
our Theorems 1 and 2. We note that these results are both easier and
stronger than those of Lewis. In no case do we need to restrict ourselves to
conjugacy classes of square-free size. Also, in the first theorem we extend
the number of primes involved, and in the second, the number of factors.
Finally, we do not use the classification of finite simple groups in the
proofs.
2. DEFINITIONS AND NOTATION
Throughout this paper G denotes a finite group. If xG we denote
G  G   Ž .the conjugacy class of x in G by x . Note that x  G : C x , whereG
Ž .  G C x denotes the centralizer of x in G, and thus x is called the indexG
 of x in G. N. Ito introduced the following definition in 6 .ˆ
DEFINITION. Let n    n  n  1 denote the distinct indices ofr 2 1
Ž .elements of a finite group G. Then n , . . . , n , n is called the conjugater 2 1
type vector of G.
To deduce results about G given its conjugate type vector is an ongoing
quest. Note that in considering such questions, we ignore abelian direct
 factors. In 4 the authors introduced the product of conjugate type vectors.
n , . . . , n , n  m , . . . , m , mŽ . Ž .r 2 1 s 2 1
  4is the ordered set n m 1 i r, 1 j s . The point is that if H and Gi j
are finite groups then the conjugate type vector of HG is the product
of the conjugate type vectors of H and G.
 R. Baer characterized the following groups in 1 .
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DEFINITION. A finite group G is called a Baer group if all elements of
prime-power order have prime-power index.
 In 4 the authors considered the following groups.
DEFINITION. Let G be a finite group and let q be a prime. G is a
q-Baer group if all q-elements have prime-power index.
Among other things the authors proved that if G is a q-Baer group then
there exists a prime p such that all q-elements have p-power index. In
proving this they generalized the following well-known lemma of Wielandt
 1, Lemma 6 .
WIELANDT’S LEMMA. Let G be a finite group. If xG is a p-element of
Ž .p-power index for a prime p, then xO G .p
 GENERALIZATION OF WIELANDT’S LEMMA 4, Proposition 1 . Let G be a
finite group and let p be a prime. Suppose xG has p-power index; then
 G G  Ž .x , x O G .p
 In 2 the following definition is introduced.
DEFINITION. Let G be a finite group and let C be a subset of G. Then
 4ker C  xG Cx C G.Ž .
3. PROOFS
LEMMA 1. Let G be a finite group such that pa is the highest power of the
prime p which diides the index of an element of G. Assume that there exists a
p-element of index pa in G. Suppose m is the index of an element of G such
Ž .that m, p  1. Then there exists a p-element, say y, of G of index m such
that xy has index pam.
a  Proof. Suppose x is a p-element of index p . Then, by 3, Theorem 1 ,
Ž .there exists a normal p-complement K. Furthermore, K C x . Let uG
Ž . Ž .be a p-element of C x ; then u has index prime to p in C x sinceG G
Ž . Ž . Ž .  C xu  C x 	 C u . So, by 3, Lemma 1 , the Sylow p-subgroup PG G G x
Ž . Ž . Ž .of C x is a direct factor of C x and C x  P  K. Let y be anG G G x
Ž . Ž .element of index m; then y C x , since y centralizes O G andG p
Ž .xO G by Wielandt’s Lemma. We may assume y K , and thus xy hasp
aindex p m in G, as required.
 G  aLEMMA 2. Let G be a finite group and let x, yG. Suppose x  p
 G  b a band y  q , where p and q are distinct primes and p  q . Also suppose
there does not exist a conjugacy class of G of order diisible by pq. Then x is a
Ž .q-element up to multiplication by central elements .
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Proof. Let x x x , where x is an r-element for some prime r and x1 2 1 2
has order coprime to r. Note that both x and x have index a power of p1 2
b  G which is smaller than q . Suppose x  1.1
G G Ž    .Let B denote x and let C denote y . Since B , C  1 it follows that1
        CBD, a conjugacy class of G. Clearly D 
 C , and D divides C B .
   So, by the hypothesis of the lemma, D  C . We repeat the argument
and see that DB1 is a conjugacy class of G. Also C CBB1 DB1, so
1 ² 1: Ž .  that C CBB . Thus H BB  ker C , and it follows that H
   divides C , i.e., H is a power of q. However, by the generalization of
² 1: Ž .Wielandt’s Lemma, BB O G , this contradicts the previous state-p, r
ment unless r q. It follows that x is in the center of G.2
THEOREM 1. Suppose G has conjugate type ector
pas , . . . , pa1 , 1  q br , . . . , q b1 , 1 ,Ž . Ž .s 1 r 1
where p , . . . , p , q , . . . , q are distinct primes. Then r, s 2 and G A1 s 1 r
Ž as a1 .B, where A has conjugate type ector p , . . . , p , 1 and B has conjugates 1
Ž br b1 .type ector q , . . . , q , 1 .r 1
 Proof. If r s 1 this is 3, Theorem 2 . So assume s 1. Let
 G  a1  G  aix, y G with x  p and y  p for 2 i s. Then, by Lemma 2,i 1 i i
Ž .x is a p -element for each i. Thus s 2 and x is a p -element. In C xi 2 G
 Ž .all p -elements have index prime to p , so C x  P  L, where P is a2 2 G 2 2
 Sylow p -subgroup of G by 3, Lemma 1 . Using Lemma 1, it follows that2
all p -elements have index pa1 or are central. Also, any q -element has a2 1 i
conjugate in L and thus has index prime to p . Furthermore, an element2
of index pa2 must be a p -element; call such an element y. Then,2 1
Ž .similarly, C y  P M, where P is a Sylow p -subgroup. Thus allG 1 1 1
p -elements have p -index and all q -elements have index prime to p .1 2 i 1
Thus we have shown that if s
 2 then s 2, and all elements of
prime-power order have prime-power index. So G is a Baer group and the
 result follows from 1, Theorem p. 27 .
The following theorem is proved similarly.
THEOREM 2. Suppose G has conjugate type ector
pa1 , n1 , . . . , pa1 , 1 , 1   par , nr , . . . , par , 1 , 1 ,Ž . Ž .1, n 1, 1 r , n 1, 11 r
where p are distinct primes and n 
 2 for 1 k r. Then n  2 for alli, j k k
Ž ai, 2 ai, 1 .k and G A   A , where A has conjugate type ector p , p , 1 .1 r i i, 2 i, 1
Proof. We prove this theorem by induction. The case r 1 follows
 from 1, Theorem p. 27 , and the case r 2 is covered in the previous
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theorem. Suppose r 1, and the result holds for smaller r ; we find the
required A , and the result will follow by induction.1
 G  a1, 1Suppose x  p . Then as in the first step of the previous proof it1, 1
Ž .follows that x is a p -element and n  2. Again, C x  P  K ,1, 2 1 G 1, 2
where P is a Sylow p -subgroup of G. As before, it follows that G is a1, 2 1, 2
p -Baer group and a p -Baer group. Thus P P is a normal sub-1, 2 1, 1 1, 1 1, 2
Ž  .group of G see 4, Theorem A . Also all elements of order prime to p1, 1
and p have index prime to p and p . So P P is centralized by1, 2 1, 1 1, 2 1, 1 1, 2
 all p , p -elements of G and thus is our required A .1, 1 1, 2 1
We note that in Theorem 2 if there are more than two factors we cannot
deduce that G is a Baer group if one of the factors has only one prime. In
 4 we conjectured that if a group had the conjugate type vector of a
nilpotent group then the group had to be nilpotent. It seems that this is
harder than the situation where many possible conjugacy class sizes do not
exist.
REFERENCES
Ž .1. R. Baer, Group elements of prime power index, Trans. Amer. Math. Soc. 75 1953 , 2047.
2. E. A. Bertram, M. Herzog, and A. Mann, On a graph related to conjugacy classes of
Ž .groups, Bull. London Math. Soc. 22 1990 , 569575.
3. A. R. Camina, Arithmetical conditions on the conjugacy class numbers of a finite group, J.
Ž . Ž .London Math. Soc. 2 5 1972 , 127132.
4. A. R. Camina and R. D. Camina, Implications of conjugacy class size, J. Group Theory 1
Ž .1998 , 257269.
5. D. Chillag and M. Herzog, On the length of the conjugacy classes of finite groups, J.
Ž .Algebra 131 1990 , 110125.
Ž .6. N. Ito, On finite groups with given conjugate type vectors I, Nagoya Math. J. 6 1953 ,ˆ
1728.
Ž .7. M. L. Lewis, Irreducible character degree sets of solvable groups, J. Algebra 206 1998 ,
208234.
8. M. L. Lewis, Determining group structure from sets of irreducible character degrees, J.
Ž .Algebra 206 1998 , 235260.
